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Abstract 

In this paper we define a generalization of the pentagram map to a map on 
twisted polygons in the Grassmannian space Gr(n, mn). We define invariants of 
Grassmannian twisted polygons under the natural action of SL(nm), invariants 
that define coordinates in the moduli space of twisted polygons. We then prove 
that when written in terms of the moduli space coordinates, the pentagram map 
is preserved by a certain scaling. The scaling is then used to construct a Lax 
representation for the map that can be used for integration. 


1 Introduction 

In the last five years there has been a lot of activity around the study of the pentagram 
map, its generalizations and some related maps. The map was originally defined by 
Richard Schwartz over two decades ago (nni) and after a dormant period it came back 
with the publication of [5], where the authors proved that the map, when defined on 
twisted polygons, was completely integrable. The literature on the subject is quite 
sizable by now, as different authors proved that the original map on closed polygons 
was also completely integrable m, US]); worked on generalizations to polygons in 
higher dimensions and their integrability (DP, 0, 0); and studied the integrability 
of other related maps m, 0)- The subject has also branched into geometry and 
combinatorics, this bibliography refers only to some geometric generalizations of the 
map and is by no means exhaustive. 

The success of the map is perhaps due to its simplicity. The original map is 
defined on closed convex polygons in KP^. The map takes a convex polygon in the 
projective plane to the one formed by the intersection of the lines that join every other 
vertex, as in the figure. The mathematical consequences of such a simple construction 
are astonishing (in particular, the pentagram map is a double discretization of the 
Boussinesq equation, a well-known completely integrable system modeling waves, see 
0)- Integrability is studied not for the map itself, but for the map induced by it on 
the moduli space of planar projective polygons, that is on the space of equivalence 
classes of polygons up to a projective transformation. In [5] the authors defined it on 
twisted polygons, or polygons with a monodromy after a period N, and proved that the 
map induced on the moduli space is completely integrable. (The map is equivariant 
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under projective transformations, thus the existence of the moduli induced map is 
guaranteed.) 

In this paper we look at the generalization of the map from the Grassmannian 
point of view. If we think of as the Grassmaniann Gr(l, 3), that is, the space of 
homogeneous lines in then the polygon would be a polygon in the Grassmannian 
under the usual action of SL(2 + I), with each side representing a homogeneous plane 
as in the picture. The case of KP™“^ was studied in [T] where the authors proved that 
the generalized pentagram map was integrable for low dimensions, and conjectured 
that a scaling existed for the map that ensured the existence of a Lax pair and its 
integrability. The conjecture was proved in 0. We can also consider this case as 
Gr(l,m.), TO > 3. From this point of view, it is natural to investigate the generalized 
map defined on polygons in Gr(n,TOn), where to and n are positive integers, to > 3. 
In this paper we define and study the generalization of the pentagram map to twisted 
Grassmannian polygons in Gr(n,TOn), to > 3. 



Figure I: the pentagram map on pentagons in Gr(l, 3) 

The first step is to define the map on the moduli space of Grassmannian twisted 
polygons, that is, on the space of equivalence classes of Grassmannian twisted poly¬ 
gons, under the classical action of SL((to — l)n -|- n) that generalizes the projective 
action of PSL{m) on We do that by carefully studying the moduli space and 

finding generic coordinates that can be used to write the map in a convenient way 
(as in the case of the original pentagram map, the map can only be defined generi- 
cally). The coordinates are found with the use of a discrete moving frame constructed 
through a normalization process similar to the one described in [4] . The classihcation 
of invariants under this action is, as far as we know, unknown, and it is completed in 
section 3. 

In section 4 we study the case m = 2s. In a parallel fashion to the study in [5], we 
proceed to write the pentagram map on the moduli space in the chosen coordinates, 
and we show that it can be written as the solution of a linear system of equations. 
We use that description and Cramer’s rule to prove that the map is invariant under 
a certain scaling. As it was the case in [5] , a critical part of the study is a fundamen¬ 
tal lemma that decomposes the coefficient matrix of the system into terms that are 
homogeneous with respect to the scaling. This is lemma 4 for the even dimensional 
case, and lemma 9 for the odd dimensional one. The proofs of the rest of the results 
are supported by those two lemmas. Once the invariance under scaling is proved, the 
construction of a Lax representation is immediate when we introduce the scaling into 
a natural parameter-free Lax representation that exists for any map induced on the 
moduli space by a map on polygons. 

In section 5 we prove the case to = 2s -I- 1. 
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2 Definitions and notations 


Let Gi{p,q) be the set of all p-dimensional subspaces of V = or ^ = C^. Each 
I € Gr(p, q) can be represented by a matrix Xi of size qxp such that the columns form 
a basis for 1. We denote this relation by I =< Xi >. Clearly I =< Xi >=< Xid > for 
any d G GL(p), and the representation is not unique. Hence, Gr(p, g) can be viewed 
as the space of equivalence classes of qxp matrices, where two matrices are equivalent 
if their columns generate the same subspace. An element of this class, Xi is called a 
lift of 1. The name reflects Gr(p, q) admitting the structure of a homogeneous space 
of dimension p ((7 — p). Indeed, consider the Lie group Slj{q+p), represented by block 
matrices of the form 

I -^q—pxq—p d3q—pxp\ 

\ Cpxq —p ddpxp J 

Let H be the subspace defined by Bq-pxp = 0. One can show that SL((g —p) +p)/H 
is isomorphic to Gr(p, q) and the natural action of SL((q —p) +p) on Gr(p, q) is given 

by 

g- < X >=< gX > . 

Consider Gr(n, mn) for any positive integers n,m, and let SL((to — l)n + n) x 
Gr(n,r7T,n) —> Gr{n,mn) be the natural action of the group SL(TOn) on Gr(n, mn). 

A twisted N-gon in Gr(n, mn) is a map ft : Z —> Gr(n, mn) such that (j)(k-\- N) = 

M ■ (l){k) for all fc G Z and for some M G SL(mn). The matrix M is called the 
monodromy of the polygon and N is the period. We will also denote an N-gon by 
P = (4), where Ik = (fik). 

Let X = {Xk) be an arbitrary lift for an 7V-gon p = (4) with monodromy M, and 
choose X so it is also twisted, that is, X^+k = MXk for all k. For any discrete closed 
Wpolygon d = (dk) in GL(n) (i.e. satisfying du+N = dfc), we have that Xd = (Xkdk) 
is also a lift for the same polygon, with the same monodromy M. 

Let us denote by Vn the moduli space of twisted iV-gons in Gi(n,mn), that 
is, the space of equivalence classes of twisted polygons under the natural action of 
SL{mn). We will also denote by VI n the moduli space of iV-gons in (or 

i£mnxn^ wherever the lifts live), under the linear action of SL(mn). 

A iV-gon p = [Ik) is called regular if the matrix pk = [Xk Xk+i ■ ■ ■ Xk+m -2 Xk+m-i) 
satisfies the following condition 

det Pk — I [Xk Xk+l . . . Xk-\-ni —2 ^k+m—l) \ f- 0: (1) 

for any fc G Z and any lift X (clearly, it suffices to check the condition for one 
particular lift). In other words, the columns of the matrix constitute a basis of M™” 

(or C*””) for all A: G Z. 


3 The moduli space of twisted polygons in Gr(n, mn 


In this section we will prove that the moduli space of regular twisted polygons, Vn, 
is a N[m — l)n-dimensional manifold and will define local coordinates. 

Assume p = [Ik), h G Gr(n,TOn) is a regular twisted Wgon and let {Xk} be 
any twisted lift. By dimension counting, and given that p is regular, for any k = 


oan find 

n X 

n matrices 


i = 0,... ,m - 

- 1 such that 



— ^m-\-k- 

-1% 

^ + - 

■ ■ + Xk+ial 

+ XkCLk- 

(2) 

is as in 

0. 

then 








/On 

On 


On afl ^ 





In 

On 


On Ofe 



Pk-\-i = 

Pk 





— PkQk, 

(3) 



On 


In 

On 





\On 


On 

In arV 
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where Qk is the matrix above. Using Q, this implies that deta° ^ 0, for all fc. 
Notice that = PoQoQii ■ ■ ■ i Qw-i- Thus, if po = the monodromy is given 
by M = Qo-'-Qa^-Ij and for other choices M = poQo ■ • ■ Qa^-iPo Thus, only 
the conjugation class of monodromy of the system defined by the matrices k = 
0,..., fV — 1, is well-defined, not the monodromy itself. 

Theorem 1. Assume m and N are coprime. Then, for any regular twisted N-gon, 
p, there exists a lift V = (14) such that 

det(Vfc,t4+i,...,Vfc+m-i) = 1, (4) 

for any k = 0,..., N — 1, and such that if a\, are given as in then 

1. 

al = diagonal(r^,...,r^), 

where each r| is an upper triangular Toeplitz matrix with deta° = 1. 

2. We can choose V such that all aff~^ ’s entries, for any k, are generated by 
N{n‘^ — n -|- 1) independent functions. 

The remaining N{n—l)m entries of a\, i yf 0 ,to —1, together with those above, define 
a coordinate system onVN- 

Proof. Let X = (Xk) be any twisted lift of the twisted polygon p. We will call 
14 = Xkdk and show that we can find a closed polygon in GL(n), {dk}, such that the 
conditions of the theorem are satisfied. If 14 = X^dk we have 

(14j ■ • ■; 14+m—i) — ■ 5 i)diag(dfc, ..., dk+m—if (5) 

First of all we will show that condition Q determines the values of 6k = detdk, for 
any k. Indeed, from ([^ we have that 

/c+m— 1 

6i = Zk, 

i—k 

where Zk = det(Xjt ,..., Xk+Tn-i)~^ is determined by the choice of lift. These equa¬ 
tions determine Sk uniquely whenever N and m are coprime, as shown in [5]. Let us 
call 6^ the invariants in ([^ associated to Xk and those associated to 14. Then, 
substituting in ([^, we have that 

“ dj.^fikd-k+m- (6) 

Let p = {pk} be a closed polygon in GL(n) and define the rth m-product to be the 
product of every m matrices starting at Pr until we get to the end of the period, that 
is 

[Pr, ■ ■ . , Pr+jm\m — PrPr+mPr+2m • ■ ■ Pr+jm: 

with r -f (j -|- l)m > If iV and m are coprime, by repeatedly adding m to the 
subindex we can reach all N elements in {pfe}; that is, if N and m are coprime and 
N = mq + s, with 0 < s < m, then all p^, fc = 0,1,..., iV — 1 appear in the product 

nm(Po) = [PO, • ■ ■ ,P7V — s\m\Pm—st 5 ]m ■■■[;••■ 5 PN-\-s—m\m [ps,...,PN — m]m- (7) 

(To see this one can picture a circle with N marked points where we locate pj. If 
we join with a segment every m points, we are sure to join all points with segments 
before closing the polygon. If the polygon closes leaving some vertices untouched, it 
means that a multiple of N can be divided into the union of disjoint orbits formed by 
joining every m points. This would imply that N and m are not co-prime.) 

Let us call 


Ar = U^{a^’) = [a°,a^ 


0 


r+m • • • 7 ^N+ 1 —sJtm ■ 


•^s+r’ • 


) ^N-m+r]m.- 


( 8 ) 
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We can see directly that ^r+m = for all r. Once more, if N and m are 

coprimes, this property guarantees that all Ar have the same Jordan form , which we 
will call J. 

Finally, notice that if Br = then 

Ar = Brdr- (9) 

Let us choose dr to be the matrix that conjugates Br to its Jordan normal form J, 
so that Ar will all be in Jordan form. We can choose an order in the eigenvalues (for 
example, from smallest to largest) to ensure that the matrix is unique up to a factor 
that commutes with J. It is known that if a matrix commutes with a Jordan form 
matrix it must be block diagonal 

diagonal(ri,... ,rs), 

where each rg is a Toepliz matrix, upper triangular, whenever the corresponding 
Jordan block is of the form 

/A 1 0 ... 0\ 

0 A 1 ... 0 


0 ... 0 A 1 

yo ... 0 0 A/ 

or it is diagonal if the Jordan block is diagonal. Thus, dk are unique up to a block- 
diagonal matrix of this form. 

Since 

Bk+m = {blr^Bkbl 

we have that 




= dflJbl)-^dkdf^BAdfXdk+m = {4)-^A,al = (aO)-Va°., 

for all k. Therefore, since commutes with the Jordan normal form, it must be a 
Toeplitz matrix of the form stated in the theorem, for all k. 

Finally, dk is unique up to a matrix commuting with J, lets call it qk- We now 
turn our attention to the transformation of b^~^ under the change of lifting, namely 


“ %+m-l^k dk+n 


( 10 ) 


where 


m— 1 

’/c 


dk+m [dk found above), and qr Toeplitz and commuting 

with J. 

How to determine which entries generate the others depend very much on the 
particular point in the Grassmannian. In the generic case qr will all be diagonal; we 
will next describe the process generically. Using (10) we see that 


m—1 1 1 n 

^k-m+l^k-m+2 ' ' ' ^N+k-m ~ ^k \^k-m+l^k-m+2 ' ' ' ^N+k-m) 'Jk, 


for fc = 0,..., iV — 1. 

Before we describe the normalizations that will generate the syzygies, we recall 
that the determinants of qk are determined by Q for any A: = 0,..., — 1, whenever 

N and m are coprime. Let us call det dk = Sk- 

The last round of normalizations will be chosen by equating those entries in place 
(i, i + 1), i = 1, 2 ..., m — 1 with the entry (2,1). 

If we denote by qk = diag(g^,...,(?(!'), and we denote the entries of 


b'^ = h 


m— 1 


b 


m—1 
k—m-\-2 ' 


..b 


m—1 

N-\-k—m 
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by j , then these normalizations result in equations of the form 




hk 


for i = 1, 


, — 1, and 


9 * 

9fe 


2,1 


rH 

1 

II 

(11) 


y/c Lk 
^1,2- 

(12) 


Equation (12) solves for in terms of (if bi^ 2 /b 2 .i is not positive, we would need 


to choose different normalizations), and substituting it in (11) we get an expression 
for any in terms of ql- Since detqk = detd^^Jfc, where dk was determined in the 
normalization of 6^, ql. is also determined. 

These last normalizations will produce as many syzygies in the entries in 6™”^ 
(linear or quadratic) as indicated in the statement of the theorem. The fact that the 
entries of Qk, k = 0,..., N — 1, generate all other invariants of polygons in Gr(n, mn) 
is a consequence of the work in [J] . □ 


Remark 2. It is very clear that these last normalizations could be chosen in many 
different ways (we could make entries constant, for example; or we could choose a 
different block, or relate entries from different blocks). Not all choices will work for 
us, and in order to be able to prove scaling invariance of the map, it is important 
that we choose the equations to be homogeneous in the entries of It is also 
simpler (although not necessary) if we choose entries from one block only to define 
the equations. The choice of versus b^, r ^ 0,m — 1 is just more convenient, 
but we could choose any other r ^ 0 instead. 


4 The Pentagram map on Gr(n, 2sn) 

4.1 Definition of the map 

Next, we define the Pentagram map for the Grassmannian Gr(n, 2sn) for s > 2. The 
dimension of Gr(n, 2sn) is clearly (2s — l)n^. 

Let X = (Xk) be a lift of a regular N-gon in Gr(n,2sn), and define the following 
subspaces 

life = {Xk, Xk+2 ■ ■ ■ , Xk+2{s-l), Xk+2s), 

and 

life = {Xk+l, Xk+3, . . . , Xfe+2s-3: Xk+2s-l)- 

Note that dim life = (s + l)n and dim fife = sn. Therefore, generically, dim life H 
fife = n. 

Definition 3. Let p = (Ik) be a twisted N-gon in G{n,2sn). Let T(p) be the map 
taking the N-gon p to the unique twisted N-gon whose vertices have a lift of the form 
T(Xk) = life n rife. Notice that this is independent from the choice of the lift X. We 
call T the Grassmannian Pentagram map. 

Notice that we are abusing notation by calling T both the map on polygons and 
their lifts. We will go further and use the letter T to denote the image of other data 
associated to p in T(p) (invariants, frames, etc). It is immediate to check that T(p) 
is also twisted, with the same monodromy as p, using the fact that Iljv+fe = Mllfe 
and Ojv+fc = Mflfe. 

Next we will define this map in the moduli space of polygons, as defined by 
the invariants in our previous section. We will keep on using the letter T, defining 
T : Vn — Vn- We will specify the domain if needed. Let us assume that V = (14) 
is the lift defined in theorem for a polygon p. Assume 

I4+2s = Vfcflfe + Vfc+ia^ + • • • + Vfe+2(s-i)0^* ^ + Vfc+2s-iafe* (13) 
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as in for 2s matrices a°, o^,..., of size nxn and with the properties described 
in theorem [TJ 

Using the fact that T{Vk) G 11^, we know that generically there exist matrices 
such 

T{Vk) = VkC^ + f4;+2C^ +.+ Vk+2sC^^ ■ (14) 


If we now use the relation (13) we can replace Vk+ 2 s in (141, and arrive to the 
following expression for T{Vk) '■ 


T{Vk) — VkC^ + kfe+2Cfc +.+ Vk+2s-2<^ 

+ + 14 + 10^ + • • • + I4+2(s-l)a^® ^ + 14+28-10^^ Cfc® 

= 14(cfc + + I4+2 (c| + + • • • + I4+2s-iafc® 

Since we also assumed that U(I4) G flfc then c^’’ + = 0, for r = 0,..., s — 1, 

and 


TiVk) — (Vk+ial + 14 + 30 ^ + • • • + 14+2s-3«fc* ^ + 14+2s-iafe^ c] 


.2s 

k ■ 


(15) 


Although the matrix seems to be arbitrary, it is uniquely determined by the fact 
that the right hand side of (151, not only for k, but also for k + 1,..., k + 2s — 1, 


must be a lift for the image polygon T{p), with the same properties as those found 
in theorem Once are chosen that way, we will be able to find the image of the 
matrices under the map T, as follows. Let us call = A^, so that we can write 


T[Vk) = pk^k^k, 

with pk = (14, Vfe+i, 14 + 2 ,..., Vk+2s-i), 


rfc 


/ On \ 

On 


On 

w-'J 


(16) 


and where Afc are uniquely chosen so that {r(14)} is the lift of the image polygon 
described in theorem [I] 


Example 1. In particular, (15) implies that when s = 2 the Pentagram map takes 
of following form 


T{Vk) 


[14+iafc + Afc+3a^]Afc — (14 14+114+2 14+3) 


(On\ 

On 

WJ 


A/c — Pk^k^k 5 


for all k G Z. 


Extending the map T using, as usual, the pullback, we have that 


T{pk) = (m),...,r(i 4 + 28 -i)) 

= Pkijk^^k, .RfeTfe+iAfe+i, i?fe+irf;+2Afe+2, . . . , i?fe+2s-2rfc+2s-lAfc+2s-l), 

where Rk+r = QkQk+i ■ ■ ■ Qk+r and Qfc is given as in (|^. This expression can be 
written as 

Tipk) = PkNkA-k, (17) 

where 

— (^/C7 Rk^k-\-l^ Rk+l^k+2^ ■ • ■ 1 Rk+2s — 2^k+2s—l)^ (1^) 
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and 


Ak = 


/ Afe 
Or, 


On 

Afc+i 


On 

On 


\On ■ • ■ On ^k+2s — l/ 
One can recognize equations (|^ and (52), that is 

Pk+l — PkQk-, '^{Pk') — PkA^kAkj 


(19) 


( 20 ) 


as a parameter free Lax representation for the map T. The compatibility conditions 
are given by 

TiQk) = A^^N^^QkNk+iAk+i. ( 21 ) 

The last block-column of this equation defines the map T on the moduli space of 
Grassmannian polygons, written in coordinates given by the invariants a^. The ques¬ 
tion we will resolve in the next subsection is how to introduce an spectral parameter 


in (20). 


4.2 A Lax representation for the pentagram map on Gr(n, 2sn) 

In this section we will prove that one can introduce a parameter /r in (|20|) in such a 


way that (21) will be independent from fi. This will define a true Lax representation 


that can be used for integration of the map. As it was done in [5], we will prove that 
the map T is invariant under the scaling 


r2r+l 






al\ 


( 22 ) 


for any r = 0,1,...,s — 1 and any k (this implies that all entries of these nx n matrix 
scale equally). This will involve several steps. 

Let us denote the block columns of ( [I^ by Fr, so that Fk = r/j, and 

Fk-\-i — Rk+^—l^k+t — QkQk+1 • ■ • Qk+l—l^k+l-, (^^) 


£ = 1,2,..., with r as in (16). Our first lemma will allow us to decompose the 


block columns of Nr into homogeneous terms according to (22). The lemma is almost 


identical to Lemma 3.1 in [^. Let us denote by T the matrix 


r = 


(On 

In 

Or, 

\Or, 


On On 
On On 
In On 

... On 


On\ 

O. 

O. 

On/ 


(24) 


where is the n x n identity matrix. Let us also denote by T the shift operator, 
namely F{Vk) = 14+1. This shift operator can trivially be extended to invariants 
using T{a\) = and to functions depending on the invariants using the pullback. 
We can also extend it to matrices whose entries are invariants by applying it to each 
entry, as it is customary. 


Lemma 4. Let i4-i-£ given as in (23). Then, there exist n x n matrices af such 
that 


Fk+2t — A'fe+2r-ia2r_i + Gfc+2£, Ffc+2f+l — E Fk+2rCi\(i^^ F Gk+2t+l, (25) 


for £ > 1, where 

Gk+2l+l = Pfc (T Gk+2l)m A Gk+2l, 


r—0 


= Tali_„ af+^ = iTGk+2i)m, 

(26) 












with 


Pk = 


( 4 \ 

On 

4 

On 


\ On ) 


(27) 


and 


Gk+2i+2 = rTGfc+2^+1, a2r+i = 'T' , Gk = Fk = Vk- (28) 

By A„^ we mean the last n x n block entry of a matrix A. 

From now on we will simplify our notation by denoting Fk+i simply by Fi. We 
will introduce the subindex k only if its removal creates confusion. 


Proof. First of all, notice that the last column of Q in (|^ is given by p + r, as in (271 
and (161. Notice also that, from the definition in (p^ we have 


F, = QTF,_,. 

We proceed by induction. First of all, since F = r, 

Fi = QTF = Qn = (p + r)a™-i + Fn = Fa^-^ + paT~^ + Fn. 

We simply need to call Gi = pa™“^ + Fri, and oj = = T (F)^. Let’s do the 

first even case also: 

F2 = QTFi = Q[TGi + TFa^-^) = F^a^-^ + TTGi, 

and we call G 2 = FTGi. Notice that QTGi = FTGi since the last block of Gi 
vanishes, as indicated by the hat. 

Now, assume 


F2e = ^ F2r._ia2r_i + G2i. 


r—1 


Then 


F2i+l = QTF2, = QTF2r-iTali_^ + QTG21. 

r—1 

Since QTG21 = p (rG2^)„ + r {TG2i)^ + TTG2, and r = F, if 

G 21+1 = P {TG2dm + rrG 2 ^, = Tali_„ r 4^+^ = {TG 2 i)„,, 

then we have 

e 

F2e+i = ^2^02^“''^ + G2e+i. 


r—0 


Looking into the even case, we have that 


F21+2 = QTF2,+i = QTF2rTali+^ + QTG21+1 


r—Q 


and since ^ 2^+1 = QTF 2 r and QTG 2 e+i = TTG 2 i+i, if we call 

G2^+2 = TTG2i+i , , 

we prove the lemma. 


□ 
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Once we have this lemma we can identify homogeneous terms in the expansion 
of block columns. Indeed, notice that r and p are homogeneous of degree 1 and 0, 
respectively, with respect to the scaling. Since the shift clearly preserves the degree, 
from the statement of the lemma we have that both Gk+ 2 r+i and G 2 r are homogeneous 
of degree 1, for any r. Likewise, Oq are also homogeneous of degree 1, for any r, from 
its definition, and since all others are obtained by shifting these, they are also. 

Therefore, if we denote G = F, iteratively applying the lemma we have that 
are in all cases a combination of G 2 r and G 2 r+i for the different values of r, with 
different types of factors of the form a^, each of degree 1. One can also clearly see 
that if the columns of Fr generate i?""* for r = 0,1,..., m — 1, them the columns of 
G 2 r and G 2 r+i, r = 0,..., s — 1 will also generate the same space since the change of 
basis matrix will be upper triangular with ones down the diagonal. This new basis 
will be crucial in the calculations that follow. 

Finally, a comment as to the reason for our notation. Notice that both G 2 (. and 
G 2 i+i have alternative zero and non-zero clocks, with G 2 t starting with a zero block 
and G 21+1 starting with a nonzero block. We are keeping that marked not only by 
the subindex but also by a hat, since as calculations become more involved it helps 
to have them be visibly different. It shows that the entire space can be written as 
a direct sum of two orthogonal subspaces, one generated by the block columns with 
hats and one generated by those without hats. 

Next, assume that we drop the factor and define 


T{Vk) = Pk^k- 


Define further c]. = T[a\), as given by the following compatibility formula, which is 
(211 after removing Afc 

T{Qk)=N-^QkNk+i. (29) 


Notice that c\ will need to be normalized by A^ before we can declare it to be T{a\). 
Let us call afc the last block column in Qk (the ith block will be Then, choosing 

the last block-column in both sides of the equation 


T{ak) = Nf. ^QkTFk+2s-i = A^fc ^Fk+2s, 


which can be written as 


NkT{&k) = Fk+2s- 


(30) 


Thus T(afc) can be interpreted as the solution of the linear equation (30). This will 
be crucial in what follows. 


Theorem 5. The matrices c\, are homogeneous with respect to the scaling (22), and 


d{cf) = 0, d{cf+^) = 1, 


for any £ = 0, l,...,s — 1. 

Proof. As in the previous proof, we will drop the subindex k and introduce it only if 
needed. 

First of all, let us analyze the homogeneity with respect to (22) of the determinant 
D ^ detN = det{F,Fi ,..., F 2 s-i). 


From (25) we can rewrite it as 

D = det(F, Gi, G 2 , ■ •., G 2 S- 2 , G 2 S- 1 ), 


and since d{G 2 i) = d{G 2 i-i) = 1 for all we have that D is homogeneous and 
d{D) = 2sn. 

Next, denote by f(. the jth column of FI-, and let FF be the block column whose 
individual columns are equal to those of Fr, except for the ith column which is equal 
to the jth column of F 2 S, for any r = 0,1,..., 2s — 1. 
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Define next 


^ie i — det(F, Fi,..., F 21 - 1 , j, ^ 2 ^+ 1 ,..., F 2 S- 1 ). 


We first notice that using (25), we can substitute the fth column of ^ by the jth 
column of G 2 S) since F 2 S and G 2 S differ in a linear combination of columns of ^ 2 ^+ 1 , 
r < s. Let us call the new matrix F^f^. We then simplify the part of the determinant 

to the right of ^ using (25), to become 

= det(F, Fi,..., F 2 ,_i, F|^® , 62 ^+ 1 +/^, , G 2 .- 2 , 62 .- 1 +/^, 

where ( 02 ^)^ denotes the ith row of 0 . 21 - 

We now proceed to simplify the columns f2l which can be substituted by (the 
fth column of G 2 i) since their difference is generated by odd vectors with subindiced 
less that 2£. We can then simplify the rest of the determinant, using (25) once more. 

We get 

^ = det(F, Gi,..., G2i-uGi,^^,G2i+i+g^t > ^ 2 ^- ■ ■ - G 2 S- 2 . G 2 s-i+glt 

where G^^ ^ indicates the matrix equal to G 2 e., except for the ith column which is 
equal to Gur last step is to notice that we have enough G 2 r block-columns 
(r = 0 ,..., s — 1 , r ^ s) that together with Gj^ ■ generically generate the entire 
subspace generated by G 2 r, r = 0,...,s — 2. But the vector belongs to this 
subspace, and hence it will be a combination of the columns of those blocks. Thus 

G^ 2 i,i ~ det(F, Gi,..., G 2 £-i, G^^ j, G 2 ^+i,G 2 f,..., G 2 S- 2 , G 2 S- 1 ), 

which clearly shows that D 21 i is homogeneous, and since ^(G^^ ^) = 1 , J = 2sn 

also. 

Finally, T(a) is the solution of system of linear equations (30), and so, by Cramer’s 
rule, the {j,i) entry of = T{a?^) is of the form 

^2i,i 

D ■ 

Therefore, is homogeneous and d((?^) = 0, £ = 0,...,s — 1. 

We now study Consider the determinant 

— det(F, Fi,..., F 21 , ^ 2 ^+ 1 ^,, F 21 + 2 , ■ • •) F 2 S- 1 ), 

where ^ is defined as F 2 i+i substituting the ith column with the jth column of 

F 2 s- As before, using (25), we start by noticing that we can substitute the fth column 
of i by the jth column of G 2 S, call it plus (a 2 l+i)i ^ comes from 

the expansion of F 2 S in terms of odd terms, and the fact that the ith column of F 2 f+i 
is missing. The expression {cx 2 £+i)ij is the (i, j) entry of Q;||_|_i. We call the resulting 

matrix •. If we simplify the right hand side of the determinant it becomes 

G^2l+l,i 

= det(F, Fi,..., F 2 e, G 2 e +2 + fli+i (“ 2 f+i)i ’ G2^+3, • ■ •, G 2 S -2 + / 2 ^+i ’ G 2 S- 1 ) 

= (o 2 r-i-i)jj det(F, Fi,..., F 2 t, F 2 e+i,G 2 e+ 2 , ■ ■ ■, G 2 S- 1 ) 

-I- det(F, Fi,... ,F 2 f,G 4 +i_i, G 2^+2 + / 2 ^+i {<^ 21 + 1 ) i ^ G2i+3, ■ ■ ■,G 2 s -2 + f 2 i+i i'^ 2 e+i)i ^ G 2 S- 1 ), 
where G 2 ^_|_^ ^ is equal to G 2 ^+i except for the ith column which is equal to g^g- 
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As before, f^i+i and differ in a sum of columns of ^ 2 rj r < £. Thus, we can 

substitute by in the determinant. After that, we proceed to simplify the 
rest of the determinant obtaining 

^21+1,i — D 

+ det(J^, Gi, . . . , G 21 , G^ 2 l+l,i^(^ 2 i +2 + '§ 21+1 (“ 2 £+l)i ’ ^ 21 + 2,1 • ■ ■ ) G 2 S -2 + § 2 t+l {^'il+l) i ’ G' 2 s-i), 

Unlike the previous case, this time one of the columns of ^ is even, and hence, 

the odd columns (other than §^l_^_l) do not generate the odd orthogonal subspace 
since they are one dimension short. Thus, including §^ 21 + 1 ^ have an equal number 
of odd and even columns and we need to expand. 

The term that includes no § 2 £^i in the expansion is given by 

det(T', Gi, G 2 ,..., G 2 e, G^ 2 e+i,iy ^ 2 ^+ 2 ,. •. G 2 S- 2 , G 2 S- 1 ) = 0, 

since, as we said before, there are more even columns that odd columns. The remain¬ 
ing terms in the expansion are 

s— 1 n 

(Q^ 2 ^-i-i)i^p det(U, Gi,..., G^ 2 e+i+^ ■ ■ ■ > ^ 2 r-i, G 2 j.-l-^^+ieJ, G 2 r-i, •. •, G 2 S- 2 , G 2 S- 1 ), 

r—£-\-l p—1 


where (a 2 ?-i-i)ip is the (i,p) entry of ^ 2 r ^^ro ith column and where Cp 

is the standard canonical basis of M" with a 1 in the pth entry and zero elsewhere. 
Each one of these determinants has an equal number of odd and even columns. Each 
column is homogeneous of degree 1, and so each determinant is homogeneous of degree 
2sn. But, like D (also of degree 2sn), they are multiplied by (a^f+i)^ pj homogeneous 

of degree 1. Hence, i i® homogeneous and d{D 2 i+i § = 2sn -|- 1. 

Finally, since, according to (30), the {j,i) entry of T(a^^®'^) = is equal to 


^2e+i,i 

we conclude that is homogeneous and c?(c^^+^) = 1. This concludes the proof 
of the theorem. □ 

Our final step is to introduce the normalization matrices and to study how they 
might affect the scaling degree of T{a\). Recall that Afc has two factors: dk, used to 
normalize and to transform them into their Jordan form (as in §); and qk, in the 
generic case, a diagonal matrix used to define syzygies among the entries of 


as 


(10) (c™ ^ plays the role of ^ in (10)). 


Lemma 6. The matrices Xk are homogeneous with respect to and 

d{Xk) = — 1 , 


for all k. 


Proof. Since Afc = dkQk, we will look at each factor separately. 

The first factor dk is determined by the normalization of Bk as in (|^, where, in 
our case, Bk = as in ([^. But, given that are invariant under the scaling, 

Bk will also be, and hence so will dk- 

The second factor, qk, is found by using a number of equations of the form (11 )- 
(12), which finds each entry of qk as fuctions of the first entry ql- Since (which 


plays the role of is homogeneous with respect to the scaling, equations (11)-(12) 
imply that are homogeneous also, with equal degree. Also, since det qk = det df^Sk, 
where Sk = det Afc, each entry of qk will have degree equal to d{5k)/n. Hence, to prove 
the lemma we need to show that d{8k) = —n. 
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But this follows from the fact that -/V^A/j = ^T(pfc), where is as in (19), must 
have determinant equals 1 since pk does. Therefore, 


det(A^/j;)(5fcJfc-|-i, - ■., 6k+m—i — 1- 


If we now apply the scaling, and having in mind that d{Nk) = nm, we get 

/r”™ det(Affe)44+i, ■ ■ ■, 4+m-i = 1, 

where 5fc+i is the scaled determinant. As show in [^, this system has a unique solution 
whenever N and m are coprime. But 

dk+r ~ dkP ^ 


for all k, is clearly a solution. Hence (5„ are homogeneous and d{Sk) = —n. This 
concludes the proof. □ 

We are now in position to prove our main theorem. 


Theorem 7. The Grassmannian pentagram map on the moduli space Vn defined by 


(21) is invariant under the scaling p! 


Proof. We need to show that r(a^) are homogeneous, and d{T{aff)) = 0, d{T{a^^^)) = 
1 for £ = 0,..., s — 1. As in previous proofs, we will drop the subindex unless there 
could be some confusion. 


Using (211, and denoting by a the last column of Q, we can write T{a) as 


/ On ^ 

r(a) = K-^N-^QTN ■ 

On 


or as the solution of the linear system of equations 

/ o„ \ 

NATia) = QTN • 

On 


Since we plan to use Cramer’s rule once more, we will study the associated determi¬ 
nants. 

To start with, we know that det(A^A) is a homogeneous function of degree nm — 
nm = 0. Define 


OU — det(FA, FiAi,..., Fr-iXr-i, FfJ ', Fr+iA^+i,..., F 2 S- 1 A 2 S- 1 ) 

= det(F, Fi, . . . , Fr-l,Ff^, Fr+l, . . . , T2s-l)<5l . . . 5r-l5r+l ■ ■ ■ (52s-1j 


where Ff^ has all the columns equal to F^Xr, except for the ith column which is 

given by the jth column of F 2 sX 2 s, that is, by F 2 sX 2 s — F‘ 2 sd 2 s<f 2 s^F with d 2 s and (? 2 s 
as in ([^ and (10). 

Assume r = 2£. 

As in the first lemma, we can use (25) to write down the determinants in terms 
of homogeneous components. For example, the jth column coming from F 2 S can 
be replaced by that of G 2 S in F(f and we can simplify the terms to the left of it, 
including the remaining columns of F 2 i. We obtain 


det(F’, Fi,..., F 2 i-i, F 21 + 1 , ■ ■ ■, F 2 S- 1 ) 


— det(F’, Fi ,..., F 2 i-i,G 2 i ^, G 2 i+i + G 2 i+ 2 , ■ • ■, G 2 S -1 + fni.' 


2s-l 

^2t 


)^)■ 
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The block column G^^ii equal to 021^21 except for the ith column, which is equal 


to G 2 s^ 2 s- 


We can further use (25) to substitute with Once we do that, 
we see that the even orthogonal subspace is generated by the columns of G 2 r, r = 
0 ,..., s —1 except for the extra column in 62 ^, which in this case is generically covered 
by combination of columns in G 2 s^ 2 s- Thus, as before, we can remove the terms 
from the determinant and simplify to the left of the 2£ position. 

We obtain 


^r,i — det(J^, Gi, G 2 . . . , G2f-1, G2f+1, . . . , G2s-l)SSi . . . S2£-lS2£+l ■. ■ S 2 S-I, 

with hats and non-hats alternating. All of the columns of Gr are homogeneous of 
degree 1 for any r. On the other hand, the columns of G^^ti have degree zero since 
G 2 £ has degree 1 and X 2 t has degree —1, so does G 2 sX 2 s = G 2 sd 2 sq 2 s^j- Therefore, 

d{Di ■) = n{m — 1) — n{m — 1) = 0. 


The {j,i) entry of T{o?^) is given by and hence d(T(a^^)) = 0. 

Assume r = 2£ + 1. 

In this case, and always using (25), the determinant 

T*r,i = det(FA, FiAi,..., F2iX2t, F^i+i. F 2 (,+ 2 X 2 £+ 2 , ■ • ■ , T2S-1A2S-1), 


can be further simplified replacing the ith column of F^^^^ given by GjgA^^, by 

= G'2sA^^ -I- F2e+ialj_^iX{^. 

We can then simplify the side of the determinant to the right of ^ so that 

F 2 r+i —>■ G 2 r+i and F 2 r —>■ G 2 r + f^i+i i' ^his simplihcation we can also 

substitute f^e+i with and F^^^^ ^ by G^ 2 ^_^i i; where all columns of G^ 2 t+i i 

equal to those of G2f+iA2^+i, except for the ith column, given by 

92^ = G2sX2s + G2£+ia\l^iX{^. 

We then continue to simplify the part of the determinant to the left of j. The 

result of all these simplifications is the determinant 

det(F, Gi, G2, . . . , G2,, &2tl,V G2l+2Ff2£+l , G 2 ,+ 3 , . . . , G 23 - 2 +? 2£+1 > G2s-l). 

First of all, notice that if we expand this determinant, the term in the expansion 
without any is given by 


det(F, Gi,..., G 2 e, X^, G 2 e+ 2 , ■ ■ ■, G 2 S- 1 ), 


where equals G 2 ^+iA 2 ^+i except for the ith column given by G 2 £+ia\lj^iX 2 g- All 
columns of G 2 ^+iA 2 £+i have degree zero, except for the ith column which has degree 
1 (d(G 2 f-i-i) = d{a\lj^-^) = 1 while ^(A^^) = —1). Therefore, the degree of this 
determinant is n{m — 1 ) -I- 1 . 

If we now look at any of the terms in the expansion containing g^i+ij we have 


r—£-\-l p—l 


)i V Gi ,..., ..., G 2 r-i, G 2 r-|-g 2 ^+iep , G 2 r-i, ■ • ■, G 2 S- 2 , G 2 S- 1 ), 


where is the (i,p) entry of G^^ has zero ith column and where Cp is 

the standard canonical basis of M". The matrix is equal to G 2 e+iX 2 e+i except for 
the ith column, which is equal to g^’X- We can further simplify g^’X to become G 2 sX^ 2 s 
since its odd term is generated by the other columns. 
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Each column has degree 1, except for those in which have degree 0. Since 
each term is multiplied by degree 1, each term has degree n{m — 1) + 1, 

and so does the determinant. From here 


i) = — 1) + 1 — n{m — 1) = 1. 


DJ 

Since the (j, i) entry of is given by , we have 

d(T(a2^+i)) = 1, 

which concludes the proof of the theorem. 


□ 


This theorem allows us to define the Lax representation for the map T on Vn- 
Indeed, if we define 




/On 0„ 

O^ 

On In 


On 

On 

On 


Ofc 

Hal 

al 


\ 


2s-l 


\0„ ... On 

then there is a unique matrix Nk{fJ-) such that 

r(Qfc(^)) = Nk{p)-^Ak^QkitJ-)AnNk{ii). 


(31) 


The matrix iVfc(/i), which is invariant and hence depends on a^, is simply the matrix 
Nf; in (181 rescaled by , that is 


(/i)r/2_|_i, (^)(5/j_|_i (/i)r/g^2 ; • • ■ ; [f?fc(/^) ■ • ■ Q k+2s — 2{f^)] ^^fc+2s—l)- 

(We can ignore the factor fi in front.) The system of equations 
Tivk) = VkNkin); rik+i = VkQk{lJ), 


has (311 as compatibility condition. Equation (311 must be independent from /r since 


T is defined by its last column, and it is preserved by the scaling, while the rest of 
the entries are zero or and hence independent from /i. Hence, this system is a 
standard Lax representation for the Pentagram map on Grassmannian, which can be 
used as usual to generate invariants of the map. Indeed, the conjugation class of 
the monodromy is preserved by the map T : Vn Pn, as we saw before. Since a 
representative of the class is given by M = QoQi ... Qat-i, we obtain the following 
theorem. 


Theorem 8. The map T '.Vn^Pn lies on the Riemann surface 


det{Qo{p,)Qi{fi)... QN-i{fk) - rjlnm) = 0 


with p,,r] G C. 


5 Pentagram map on Gr(n, (2s + l)n) 

5.1 Definition of the map 

In this section we will define the Pentagram map for the Grassmannian Gr(n, (2s+l)n) 
for s > 1. Recall that the dimension of Gr(n, (2s + l)n) is 2sn^. 

Assume that p = (Ik) is a twisted polygon on Gr(n, (2s + l)n) and let Xk be any 
twisted lift. Let H^ be the unique n(s + 1) linear subspace containing the following 
subspaces 

Ilfc — {Xk , Xk-i^2 j ■ • ■ 5 Xk-\-2s} • 
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We define the pentagram map to be the map T taking the polygon p to the unique 
twisted polygon (with the same monodromy) whose fcth vertex has a lift given by the 
intersections 11^ n Ilfc+i. This map can be defined either on the space of polygons, or 
on the vertices. The map T is well defined and independent from the lift X. In fact, 
from the Grassmann formula we get 


(2s + l)n = dim(nfc_i +11^) = dimllfc-i + dimllfc — dim(nfc_i n 11^) 

= (s + l)n + (s + l)n — dim(nfc_i n Ilfc) 
= 2(s + l)n - dim(nfc_i n 11^), 


which shows that dim(nfe_i H 11^) = n for any k, and hence 11^ H is a lift of a 

unique element in Gr(n, (2s + l)n), an element equals to the kth vertex of T{p). As 
before, we will abuse notation and use T equally for the map on polygons, on their 
lifts, on frames or on the moduli space. 

Clearly the pentagram map is invariant under the action of the projective group 
(linear on lifts), and therefore one is able to write it as a map on the moduli space of 
Grassmannian polygons, as represented by the invariants we found in section 3. This 
is what we do next. 

Let us consider a twisted normalized lift V = ( 14 ) of a regular A-gon, p = (Ik) 
as in theorem Then, using dimension counting, there exist 2s + 1 squared n x n 
matrices a°, a^,..., such that 

Vk+2s+i = + 14+10^. + • • • + I4+2s-ia^® ^ + Vk+2scik^■ (32) 

The blocks will be normalized so that is diagonal or Toeplitz, and the entries of 

have a number of syzygies that relate them. 

If the lift is twisted, then a], will be A-periodic for i = 0,1, 2, • • • , 2s; that is 

^k+N = (33) 


for any k. 

Since T(Vk) € n^+i, we can assume that there exists c],, nxn matrices such that 


T(Vk) — Vk+ic\ + Vk+^c\ + • • • + I4_|_2s-ic^* ^ + t4+2s+iCfc*^^, (34) 


for all k G Z. 

On other hand, we can replace t4+2sH-i in the last term of (34) by 
f4+2s+l = VkO-k + ^k+lO-k + • ■ • + Vk+2s-lO-'k^ ^ 

It follows that 


+ 44+2£iafe*. 


(35) 


T{Vk) — Vfc+iC^ + Vk+3Ck + • • • + V/c+2s-lC^^ ^ + 

+ (k4nfe + + • • ■ + Vk+2s-i(kk’ ^ Vk+2sO-‘k‘)Ck^'^^ (36) 

= Vkalcl^+^ + Vk+Mk + + Vk+2alcl^+^ 

+ Vk+3[cl + + .+ Vk+ 2 s- 2 al^-^cl^^^ 

+ Vk+2s-i[cl^-^ + + Vk+2safcl^+\ 

Since we also have T(I4) € life, it follows that for any I = 

0,..., s — 1, and 


TiYk) — [bfcOfe + 44+2^^ + ■ ■ • + Vfc+2s-2flfe* ^ + 14+2sflfc*] 

Remark 9. As in the previous case, the matrix invariant matrix has no ap¬ 

parent restrictions, but in fact, it is completely determined. In order to be able to 
define the pentagram map on the moduli space coordinates given by the matrices al, 
we need to guarantee that {T{Vk)}k^i fiff of T(lk) as described by theorem [b 

as far as T(p) is generic. As we showed in theoremthere is such a unique lift, and 
= Afe will be the proportional matrix that appears in the theorem. In fact, we 
have not shown that if p is regular, so is T(p). As it was the case with the original 
pentagram map ([ID]), the map is only generically defined.) 
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Example 2. For s = 1, that is, on Gr(n, 3n) the Pentagram map is 


T{Vk) = {Vka° + Vk+2al)Xk = (14, Vit+i, I 4 + 2 ) 0„ Xk = pkJ^kXk, 


for any fc S Z. 

Now, define 

so that for any fc G Z 


Pk = (14 14+1 ■ • • 14+2S-1 14+2s), 


(37) 


T{Vk) = Pk 


(<\ 

On 

4 

On 


On 

VkJ 


Xk- 


As before, if pk+i = PkQk, and 


Tfc = 


( 4 \ 

On 
^2 


^2s-2 


On 

V / 

and if we extend T to pk by applying it to each block-column, we can write 

T{pk) = Pk {^kXk Rk+l^k+lXk+l Rk+2^k+2Xk+2 ’ ’ ' Rk+2s^k+2sXk+2s) , (38) 

where, if Qfe is given as in (§, then — QkQk-\-i 

Now, as we did before, for any A: € Z define 

Nk = (rfe i?fc+irfc+i Rk+2rk+2 ■ ■ 

It follows that 

Tipk) = PkNkX-k, 


* Qk-\-i—i: for i — 1, 2,.... 
Rk+2s^k+2s') • 

Pk+1 PkQk-! (i^i^) 


where 


Ai, = 


/ Xk 
On 


On 


On 

On 


\ 


\On On Xk-\-2s / 

As before, the compatibility condition of these two natural maps is given by 

T{T{pk)) = T(pkNk) = Pk+iNk+i = T{T{pk)) = T{pk+i) = T{pkQk) = T{pk)T{Qk)- 

Hence 

P/c+i-N/c-i-iAfc+i = T{pk)T{Qk) = PkNkRkT{Qk), 
for all A: G Z. It shows that ( [M| , together with 

TiQk) = N^^A^QkNk+iAk+i, (40) 

holds true for any fc G Z and describes a discrete, parameter free. Lax representation 
for the map T defined on the moduli space as represented by the invariants that 


appear in the last column of Qk- Notice that from (38) we now that Xk are also 
periodic, that is Xk+N = Xk for any k. And from the definition in ([^ so are both Qk 
and Rk- 
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5.2 A Lax representation for the pentagram map on Gr(n, (2s + 
l)n 


As we did for the even dimensional case, in this section we will prove that one can 
introduce a parameter /i in (39) in such a way that (40) will be independent from /i. 
This will define a true Lax representation that can be used for integration of the map. 
As it was done in [6], we will prove that the map T is invariant under a scaling, this 
time given by 


^2r+l 




of 




r = 0,l. 


, s. 


(41) 


We will follow the same steps as in the even dimensional case. The first steps involve 
proving that the map defined without the proportional matrix Afc is invariant under 
the scaling. We will then calculate the degree of Xk using these results and incorporate 
the proportional matrices \k to the map to finally calculate the degree of T{a\). 
First of all, notice that if, as before, we denote by F^+r the r + 1 block-column of 
the analogous to Lemma Instill holds true. We cite it here without proof, since 
the proof is identical. 

Lemma 10. Let Fk = Vk and Fk+i = Rk+e'Ck+e, i = 1,... as above. Then, there 
exist n X n matrices aj such that 

i t 

Fk+ 2 i = Fk+ 2 r-lOi 2 i-l + Gk+ 2 e, Fk+ 2 e+l = E Fk+2rO:2i'^^ + Gk+2e+l, ( 42 ) 

r—1 r—0 

for £ > 1, where 

Gk+2i+i = Pfe {TGk+2f)2s + rrGfc+ 2 ^ = Tali_„ 

with 

/ 0„ \ 

4 

On 


\On ) 

and 

Gk+2i+2 = TTGk+2e+u alill=Taf+\ = r^. (45) 

By A 2 s we mean the last n x n block entry of a matrix A. 

The main difference with the even dimensional case is that the even block-columns 
G 2 £ start now with a non-zero block (while before it started with a zero one), and 
generate a (s -I- l)n dimensional subspace, orthogonal to those generated by the odd 
ones G 2 f.+i, which start with a zero block and generate a sn dimensional subspace. 
Also, in this case the first two blocks of G 2 e are zero since Gk+ 2 e = £'TGk+ 2 i-i and 
r shifts all the blocks once downwards. 

Assume first that we drop the Ak factor and define 


= iTGk+2i)2s , 
(43) 


(44) 


TiVk) = Pk^k- 


Define also = T{a\), which is given by the compatibility formula below, the anal¬ 
ogous to (29) 

T{Qk)=N^^QkNk+i. 


Then 


T{ak) — ^QkTFk+2s — ^A'fc+2s-i-i) 
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which can be written as 


(46) 


NkT{a.k) — -Ffc+2s+i- 


Once more T{a.k) can be interpreted as the solution of the linear equation (46). 


Theorem 11. The matrices c\ are homogenous with respect to the scaling (4.1), and 


d{cf) = -, d(cf+^) = -l + - 


2t+l\ 


Notice that the degree of coincides with that of a^. Later we will show that 
are all invariant under scaling and this theorem will essentially prove the invariance 


of the map under (411. 


Let us once more drop the subindex k unless needed. As we did in the previous 
case, we will work with determinants of the form D( j, simplifing them down to their 
homogeneous component, and calculating their degree. Because they are solution of 
(46), each entry of d" will be a quotient of these determinants and D, and this way 


we will be able to determine their degree. The study comes in a number of lemmas. 
Lemma 12. The determinant 


D = det(F,Fi,...,F2s), 


is invariant under m- 


Proof. Using (42) we have that 

D = det(T', Gi, G 2 ,..., G 2 S- 1 , G 2 s)- 


This time all G 2 r = LTG 2 t--i have the first two blocks equal 0„; therefore, the blocks 
in the first row of D are all zero, except for the first block which is the first block of 
F = r, i.e. a*^, and which is invariant under scaling. If we simplify using the first n 
rows, we have the determinant of a matrix that looks like 


Mi.i 

On 

to 

On ... 

Ai,s 

On\ 

On 

Bl,l 

On 

Bi,2 ■ ■ ■ 

On 

Bi,s 

^2,1 

On 

^2,2 

On ... 

A2,s 

On 

On 

B2,1 

On 

i?2,2 

On 

B2,s 

As,i 

On 

As,2 

On 

As,s 

On 

\On 

Bs,i 

On 

Bs,2 

On 

Bs,s) 


where Aij are the nonzero blocks of G 2 j-i and Bij are the nonzero blocks of G 2 j. 
Using n^s(s — 1) exchanges of rows and columns, this determinant can be easily 
transformed into 


det 



B ) 


with A = {Ai^j) and B = (Bij). Also, since G 2 e = rTG 2 £_i, we have that B = TA 


and D = det A det T A. 

We will next show that d{Aij) = 
determinant, that d(det A) = 

Indeed, from (43) we have 


This will imply, from the definition of 
^ = 0, concluding the proof. 


G2e+i = P {TG2i)2, + rTG2i = p (T^G2i-i) + T^T^G2i-i, 

V / 2s —1 


and using this we conclude that 

Ak,i+i = a^^-^TAs,i + T^Ak-i,t. (47) 
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The degrees of the nonzero blocks of p are given by 


. . 1.2 ^ s-1 

— 1, —1 H—, —1 H—, —1 H-, 

s s s 


while the degree of is 1. Thus, 


d{Ak,i) = V) = d{Ta^^-^) = 


k-l 


We now use induction. Assume that d{Ai j) = for alH = 1,... s and all j < i. 
From (47) we have that, since d{a?^~^) = —1 + 

,, 2h-^^^2 A N . k — I s — I k — i—\ . k—\ — I 

d{a T As^() — —1 H-1-— -; d{T A^-i/) — -, 


and so 


d{Ak,e+i) — 


k-i£+l) 


concluding the proof of the lemma. 

Let us denote by ^ the determinant given by 

= det(F, Fi,..., Fr_i, FT, F^+i,..., F 2 s), 


□ 


where FT is the block-column obtained from F^. by substituting the ith column, /*, 
with the jth column of F 2 S+ 1 , 


Lemma 13. Determinant D^t+n homogeneous for all i,j 
0 ,..., s — 1 , and 


d{D^2e+i,i 



= 1 ,... n, and £ = 


Proof. As in the previous cases we will make heavy use of (42) to reduce the determi¬ 
nants to their homogeneous components before calculating their degree. First of all 
we will substitute the Ah column of ^ in 


det(F, Fi,..., F 2 i, F 2 i+ 2 , ■ • •, ^ 23 ), 


by that of 028 - 1 - 1 , '^ 2 s+l^ since the difference is a combination of even columns, which 
are all present in the determinant. We can then simplify the columns to the right of 
this and substitute them by either G 2 r+i or by 

G2r + 921+1 («2?+l)i I 

where a super index indicate the column, a subindex the row. We can then substitute 
all the remaining columns of F 2 ^_|_j^ ^ and F^, r < 2£ by those of Gr or G^, depending 
on parity, to obtain 

DF=detiF,Gu---,G2i,Gie+i,^^G2i+2+9^2e+i ^^ 2 ^+ 3 ,... ,G2s+r2i+i («2l+i),), 

where G 21+1 i i® equal to G 2 t+i except for its Ah column which has been substituted 
by the jth column of G 2 s-i-i- Since the missing column in G 21+1 has been substituted 
by another odd column, if we expand this determinant all the terms that include any 
extra column ^ 21+1 vanish since we already have odd columns equal to half the 
dimension in their standard position. Therefore 

= det(F, Gi,..., G 2 f, G^ 2 t+i,i^ G2e+2,G2i+3, ■ ■■, G 2 s)- 

Consider now the following product 

ois+i — 92i+i ® {92i+i) ® 92 s+i> (48) 
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where by ^ we mean the vector whose entries are the inverses of the entries of 

and where the product represents the individual entries product, as customary. 
We claim that (S 2 t+i)~^ ® ^L+i is homogeneous, each entry with the same degree. 
Indeed, using the fact that d(Aij) = (recall that Ai^j^ i = 1,... s, are the nonzero 
blocks of G 2 j-i, j = 1 ,..., s), we can see that 


'^(( 52 ^+ 1 ) ~ ^idis+i) d{{g 2 i^i) 


1 s — 1 . 

= +*,-1 +-,* 

s s 

, I s-\-l , 

- (*,—-,*) 

s s s 

£ £ £ 

= (*,-i + -,*,-1 + ,*,-1 + 


where * indicates the position of a zero block. Therefore, substituting g^s+i by (|48 1 
in the determinant, expanding the determinant using this column, and using the 
that D is invariant under scaling gives us 


act 


“ i- “I” „ > 


as claimed. 


□ 


Lemma 14. Determinant *5 olso homogeneous for all i,j = l,...,n, (. = 

0 ,..., s — 1 and 

d{Di,,) = £ 

Proof. The proof of this case is a bit more complicated. We need to look at the 
determinant 

“ det(F, Fi,, F21-1 t F^i.i 1 F2i+1, • ■ ■ , F2s)- 


As before, we simplify the ith column of using (42). That is, fis+i will be 

substituted by 


?L+i + /2£ 




(49) 


We can then substitute the columns to the right of this one: we substitute F 2 r+i by 
G2r+1 + f2t F 2 T by G^ 2 r' can also substitute f 2 £ the expression of 

^ 2 r+i by g 2 g. We then change the remaining columns in Ffg j, including f^g, by those 
of G 2 £ (we call the resulting matrix G^t i)i ^^.d substitute the F’s blocks to the left 
of G 2 ti by G-blocks. Then, column (49) becomes 


?L+1 + 921 ■ 


(50) 


and the resulting determinant is given by 

det(F, Gi, G 2 ..., G 2 £-i, G^^ j, G 2 i+i+g 2 £ > G 2 £+ 2 , • ■ •, G 2 s-i+ff 2 ^ ■ G 2 s)- 


If we now expand the determinant using the Ah column of G^^ j, i.e. (50), we have 


D 


i 

2£,i 


*^2£ 



+ det(F, Gi, G 2 ..., G 2 £-i, G^^-, G 2 ^+i + g 2 e ( 0 ^ 2 ^"*'^)^ i C! 2 e+ 2 , ■ • •, G 2 S -1 + gle ( 0 ^ 2 ?'*'^)^ ^ 2 s), 

where Gj^ ^ has as Ah column g^s+i ^od G 2 i elsewhere. 

Notice that, once more, if we expand this determinant, the terms with no G^^ will 
be zero since we have more odd columns that are needed to generate the odd subspace 
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(indicated with a hat) given that ^ contains one. Thus, the determinant expands 
as 


s-l 


E E(«2r')..,det(F,Gi,G2,. 

p—1 


I ^2i+l, ■ ■ ■ , G 2 r+i+g 2 e^p , G2e+1, ■ • ■ , G2s), 


where G^^-^-i indicates G 2 r+i with a zero p column. Each one of these terms can 
transformed by shifting the p column of G^^+i + 92 i^p and the ith column of G^^ 
The expansion becomes 


^ ^ ± det(F, Gi, G 2 , ..., G 2 ^ G 2 ^+i,..., G^+i+ff^+ieJ, G 2 ,+i,..., G 2 s), 

r—i+1 p—1 

(51) 

and now we are ready to calculate degrees. Substitute by 

92 s +1 — 92 s +1 ® (52r+l) ® 52r+H 

as before, and notice that the degree of g^s+i ® (sfr+i)”^ is the same for all of its 
block-entries and equal to -1-1-^ 


^{92s+ 1 ® {92r+l) ) ~ ^i.92s+l) d{92r+l) ~ 


/ * 1 

i-(s-ei) 


/ * \ 

l-(r+l) 

S 


s 




2-(s-|-l) 


2-(r+l) 

s 


s 

s-(s-l-l) 


s-(t--I-I) 

s 


s 


V 


/ 


V 


/ 


We now need to calculate the degree of . This is simple from (43) and (451. We 
see that 


= 


s — r 




2r \ _ ,f2ir-e-l) + l 


d{a2i^i) — d{aQ 


) = 1 - 


-i-l 


With this, every term in the expansion (51) has degree 


-1 -k - -f ) _ -1 - -t 1 - 


■-i £ 


and since 


'(( 






= 1 - 


i 


we conclude the proof of the lemma. 


□ 


After these results, the proof of theorem 11 is immediate since the entry {j,i) of 
d" is the quotient 

r,i 

“d”’ 

and so d{d) = d{D®), which coincide with the statement of the theorem. 

Finally, the following theorem is a consequence of [TT] 

Theorem 15. If N and m are coprime, the map T is invariant under the scaling 

171). 


22 





















Proof. To prove this result we simply need to prove that are invariant under scaling. 
After this fact is proved, computations similar to those in the proof of theoremwill 
show that even as we introduce Xk in the different block columns of determinants D 
and j, they do alter neither the homogeneity nor the degree of the determinants 
because they are invariant under the scaling and all columns of a block-column have 
the same degree (and so do their linear combinations). Therefore 

d{cl) = d{T{al)) = dial), 

for any k and r = 0,..., m — 1. We will avoid further details of those computations 
since they are almost identical to those in and the interested reader can reproduce 
them. 

To show that Xk are invariant under scaling is not hard: if N and m are coprime, 
their determinants, Sk = det Afe, are the unique solution of 


det Nkdkdk + l • ■ ■ dk+m—l — 1; 


and since det Nk = Dk, det Nk is invariant under the scaling (since d{Dk) = 0) and so 
are 5k for any k. We next look at each factor in the splitting of Xk = dkQk- As in the 
previous case, the factors dk are determined by the normalization of Bk = Tlm{cD as 
in Q, and since c° are invariant under the scaling, so will dk- 

Finally, qk are uniquely determined by equations of the form and ([T^ for 


^m—1 


and by their determinants. Since = c'^_ 


^m—l 


^m—1 


is homo¬ 
geneous, equations (|ll|)-(|l2|) are scaling invariant. Furthermore, detg^ = det dZ^Sk 


771-1 


and both Sk and detd^ are scaling invariant, so is det(?fe. Therefore, qk are scaling 
invariant and so are Xk- □ 

As in the even dimensional case, this theorem allows us to define the Lax repre¬ 
sentation for the map T : Vn Vn ■ Indeed, if we define 


Qkip) — 


dji On On 

O n In O n 
On On, dn 

On On ... 

VO„ On ... On On 


On 

On 

On 

On 


On dn 


On 

On 

On 

On 


On d 


3 
- 2 


\ 


- 1 - 1-1 








then we can define 

NkifJ.) = (rfc(^),i?fc(/r)rfc+i,i?fc+i(^)rfc+2(/r),. ■ ., Rk+m-2ik-)rk+m-iip)), 

where 

On 


rfc(M) = 


- 2 
On 


On 

and Rk+rip) = Qk{k)Q k+iik^) ■ ■ ■ Qk+rik)- The compatibility condition of the system 


Pk+l — PkQkik), d^ipk) — Pkddkik), 


will be given by 

TiQkik)) = Nkip)-^Rf^Qk{k)KNk{p). (52) 
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Equation (52) must be independent from fi since T is defined by its last column, 
and it is preserved by the scaling, while the rest of the entries are zero or and 
hence independent from Hence, this system is a standard Lax representation for 
the Pentagram map on Grassmannian in the case m = 2s +1, which can also be used 
as usual to generate invariants of the map. With this new scaling, theorem is also 
true in the case when m is odd. 
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